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Abstract
The dynamics of wealth distribution plays a critical role in the economic
market, hence an understanding of its nonequilibrium statistical mechanics is
of great importance to human society. For this aim, a simple and efficient
one-dimensional (1D) lattice-gas-automaton (LGA) is presented for wealth dis-
tribution of agents with or without saving propensities. The LGA comprises two
stages, i.e., random propagation and economic transaction. During the former
phase, an agent either remains motionless or travels to one of its neighboring
empty sites with a certain probability. In the subsequent procedure, an eco-
nomic transaction takes place between a pair of neighboring agents randomly.
It requires at least 4 neighbors to present correct simulation results. The LGA
reduces to the simplest model with only random economic transaction if all
agents are neighbors and no empty sites exist. The 1D-LGA has a higher com-
putational efficiency than the 2D-LGA and the famous Chakraborti-Chakrabarti
economic model. Finally, the LGA is validated with two benchmarks, i.e., the
wealth distributions of individual agents and dual-earner families. Using the
Gini coefficient and deviation degree, it is found that the wealth distributions
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are changed by the saving propensity which alleviates wealth inequality.
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1. Introduction
In econophysics, various economic and financial issues can be analyzed and
solved with probabilistic methods of statistical physics [1, 2, 3]. As an open
problem in economics and econophysics, the fundamental dynamics of wealth
distribution has been widely studied due to its key role in human as well as
nonhuman society [4, 5, 6]. For the description of wealth distribution, a fa-
mous analytical tool is the Boltzmann-Gibbs exponential function [7] (see Eq.
3), another well-known empirical approach is the Pareto power-law function
P (m) ∝ m−α in terms of the Pareto index α and individual wealth m [8]. His-
torical data indicate that the Boltzmann-Gibbs function is usually reasonable
for the low and middle ranges of wealth distribution [7], while the Pareto func-
tion provides a good fit to the high range [9, 10]. The Gaussian-like distribution
which is observed for the lower wealth of the population (around 90%) is due to
the additive process of lower wealth accumulation [8, 11]. While the power-law
tail for the top (10% or so) is because of the multiplicative way of the wealth in
a higher group [8, 11].
Besides the aforementioned analytical and empirical studies, numerical re-
search provides convenient insight into the wealth distribution with the emer-
gence of various versatile computational methods [12, 13, 14, 15, 16]. In 2000,
the Chakraborti-Chakrabarti (CC) economic model was proposed for a closed
economic system with a fixed number of agents and total money, and the saving
propensity influence upon the statistical mechanics of wealth distribution was
studied [12]. In 2006, Bourguignon and Spadaro reviewed microsimulation tech-
niques and their theoretical background as a tool for the investigation of public
policies [13]. In 2014, Pareschi and Toscani extended a nonlinear kinetic equa-
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tion of Boltzmann type that describes the effect of knowledge on the wealth of
agents who interact through binary trades [14]. In 2018, an agent-based model
was considered to investigate the wealth distribution where the interchange was
determined with a symmetric zero-sum game [15]. In 2019, Alves and Monteiro
modified a spatial evolutionary version of the ultimatum game as a toy model
suitable for wealth distribution [16].
As an effective stochastic methodology, the lattice-gas-automaton (LGA) is
a simple kinetic model that is applicable to the hydrodynamics [17], chemistry
[18], electromagnetics [19], thermoacoustics [20], and economics [21, 22], etc.
The LGA was pioneered by the Hardy-Pomeau-de Pazzis model [23] and the
later Frisch-Hasslacher-Pomeau model [17]. In 2013, Cerda´ et al. presented a
two-dimensional (2D) lattice gas automaton (LGA) for income distribution in a
market with charity regulations [21]. Very recently, a modified LGA economic
model was developed for the income distribution under the conditions of the
Matthew effect, income tax and charity [22]. In fact, the LGA is based on
the mechanism that there is a one-to-infinite mapping between a macroscopic
performance and various microscopic details, thus the realistic phenomenon can
be manifested by a collective group of artificial particles evolving on lattices
in an appropriate way [24, 25]. This idea also enlightened the development of
other versatile methodologies, such as the lattice Boltzmann method (LBM)
[25, 26, 27, 28, 29] and discrete Boltzmann method (DBM) [30, 31, 32, 33,
34, 35, 36, 37]. Actually, these mesoscopic kinetic models (including the LGA,
LBM, DBM) have attracted great attention due to their simple schemes, flexible
applications, easy programing, and high parallel computing efficiency, etc.
Motivated by previous investigations [12, 21, 22], an effective 1D-LGA is
proposed for wealth distribution in an economic society where people have saving
propensities or not. Compared with the 2D-LGA [21, 22], the current model is
simpler and faster, and the factor of individual saving propensity is taken into
account as well. Moreover, the LGA has a higher computational efficiency than
the famous CC-model [12]. The rest of the paper is organized as follows. In
Sec. 2, the LGA economic model is introduced in details. Then, the model is
3
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Figure 1: Computational domain with Nc sites and discrete models (D1N2, D1N4 and D1N6).
validated in Sec. 3. Finally, conclusions are drawn in Sec. 4.
2. Lattice gas automaton
In practice, the wealth distribution of agents in a closed free market takes
the form of an exponential Boltzmann-Gibbs function, which is analogous to the
energy distribution in statistical physics [3]. Here, the LGA is constructed to
describe an artificial society where a monetary exchange may occur if two agents
encounter after random movements. Similarly to statistical physics, the agents,
wealth and human society are equivalent to the ideal gas molecules, internal
energy and particle system, respectively.
Let us consider a simple economic system where the number of agents Na
is fixed and the total amount of money M is conserved. An agent Ai that
represents an individual or a corporation owns money mi, with the subscript
i = 1, 2, · · ·, Na. Initially, the total money M is divided amongst Na agents,
hence each agent possesses the same amount of money m0 =M/Na. All agents
are randomly located in a circle with sites Nc (under the condition Nc ≥ Na),
see Fig. 1. The spatial and temporal steps are ∆x = 1 and ∆t = 1, respectively.
In the evolution of the LGA, there are two key stages, i.e., the random
propagation and economic transaction.
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Stage 1: Propagation
An agent moves to its neighboring empty sites (with probability Pm) or
keeps resting (with probability 1 − Pm) in the stage of random propagation.
For simplicity, the left and right neighboring sites are symmetrical, namely,
the number of neighbors is even. For example, there are 1 left and 1 right
neighboring sites in the model 1-dimensional-2-neighbor (D1N2), while there
are 2 neighboring positions on each side in D1N4, see Fig. 1. Hence, there
are 2, 4, and 6 neighboring sites for D1N2, D1N4, and D1N6, respectively.
Numerical tests show that to obtain right simulation results needs at least 4
neighbors, see Fig. 2. That is to say, D1N2 presents incorrect results while
D1N4 and D1N6 are satisfactory.
Stage 2: Transaction
In the phase of economic transaction, two neighboring agents Ai and Aj
trade with probability Pt. (For example, an agent may deal with one of 4
neighbors in D1N4.) Each agent’s money is always non-negative, namely, no
debt is permitted. Conservation of the total money is obeyed in each exchange,
as earlier. An arbitrary pair of agents Ai and Aj get engaged in an exchange
with trading volume ∆m, i.e.,


m′i = mi −∆m,
m′j = mj +∆m,
(1)
where mi and m
′
i are the money amounts of Ai before and after the transaction,
and similar to mj and m
′
j for Aj . In the following, two types of trade models
are introduced for agents with or without saving propensities, respectively.
(i) Trade model-I without saving propensity
The trading volume between two agents is fixed as ∆m = m0/Nm. Most
of our simulations are for m0 = 1 and Nm = 100. There are three cases of
exchange under consideration.
Case A: mi = mj = 0. No exchange takes place between two agents without
personal possessions.
Case B: mi = 0 and mj 6= 0. An agent without any wealth can only stay
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unchanged or win money during an economic exchange.
Case C: mi 6= 0 and mj 6= 0. An agent either earns or loses money with
probability Pt/2.
(ii) Trade model-II with saving propensity
Assume that each economic agent saves a fraction λ of its wealth mi before
trading, where λ is a fixed value between zero and unity. The parameter λ, called
the “marginal propensity to save” as well, remains fairly constant, independent
of economic agents [12]. After the transaction, the wealth of agents Ai and Aj
becomes 

m′i = λmi +∆mi,
m′j = λmj +∆mj ,
(2)
in terms of ∆mi = ǫ (1− λ) (mi +mj) and ∆mj = (1− ǫ) (1− λ) (mi +mj),
where ǫ represents a random number between zero and unity [12]. Via straight-
forward substitution, it can be derived that Eq. (2) is equivalent to Eq. (1) for
∆m = (1− λ) [mi − ε (mi +mj)]. The random exchange amount is less than
the total money because of the saving by each agent.
Remark: For the case Nc > Na, the sequence could be “Propagation +
Transaction” or “Transaction + Propagation” in the main loop of the program;
For the special case Nc = Na, there is no empty site, so all agents remain mo-
tionless and no propagation takes place. In the latter case, the LGA becomes a
reduced model with only economic transaction. Moreover, the LGA is extremely
robust and independent of a specific initial condition, see Appendix A.
3. Verification and validation
In theory [7], for arbitrary and random trades with local money conservation
in a market, the wealth distribution approaches the equilibrium Boltzmann-
Gibb distribution of statistical mechanics. It is proved by Dra˘gulescu and
Yakovenko [7] that the stationary wealth distribution functions of individual
agents and two-earner families in an ideal free market are,
P1 (m) =
1
m0
exp
(
−
m
m0
)
, (3)
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Figure 2: Wealth distributions of individual agents (on the left axis) and dual-earner fam-
ilies (on the right axis), respectively. The symbols denote the simulation results of D1N2-I
(squares), D1N2-II (circles), D1N4-I (upper triangles), D1N4-II (lower triangles), D1N6-I (left
triangles), D1N6-II (right triangles), Reduced-I (diamonds), Reduced-II (pentagons), D2N4-I
(hexagons), and D2N4-II (stars). The lines represent the corresponding exact solutions.
and
P2 (m) =
m
m20
exp
(
−
m
m0
)
, (4)
respectively. Despite its simplicity, the theoretical model misses a very natural
ingredient for realistic transactions: Almost no economic agent exchanges with
the entire wealth without saving some parts; The saving propensity is a natural
tendency for any normal economic agent. This defect also exists in the trade
model-I without saving propensity, which is equivalent to the trade model-II
with saving propensity in the case λ = 0.
In the following subsections, we first consider the above simple case, i.e.,
transaction without saving propensity, and compare simulation results to exact
solutions in Eqs. (3) and (4). Next, the transaction with saving propensity is
taken into account.
3.1. Transaction without saving propensity
The site number is chosen as Nc = 1500 for D1N4 and D1N6, and Nc = 600
for the reduced model. The other parameters are Pm = 0.8, Pt = 0.7, NA = 600,
m0 = 1. Figure 2 illustrates the wealth distributions of individual agents and
dual-earner families, respectively. In the legend, for convenience, “I” refers to
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the first trade model without saving propensity, and “II” refers to the second
trade model with saving propensity in the case λ = 0. In Fig. 2 (a), the squares
and circles indicate the simulation results of D1N2 using the first trade model
(D1N2-I) and the second one (D1N4-II), respectively. In Fig. 2 (b), the upper,
lower, left and right triangles stand for D1N4-I, D1N4-II, D1N6-I, and D1N6-II,
respectively. The diamonds and pentagons are for the reduced model (without
propagation) using the first and second trade models, respectively. Besides, the
two-dimensional models, D2N4-I (diamonds) and D2N4-II (stars), are used as
well [21, 22]. Meanwhile, the solid lines are for the corresponding exact solutions
in Eqs. (3) and (4).
It is apparent in Fig. 2 that the market is non-interacting and the result-
ing individual wealth distribution takes the equilibrium Boltzmann-Gibb form.
Most agents own little wealth, the maximum probable money is zero, and the
population becomes lower for a larger fortune. Meanwhile, the density of dual-
earner families firstly increases then reduces with increasing wealth, and the
maximum is located at m = m0. Figure 2 (a) depicts that the simulation re-
sults of D1N2-I and D1N2-II have a relatively large departure from the exact
solutions (3) and (4). While all numerical results in Fig. 2 (b) agree well with
the exact solutions (3) and (4). It is confirmed that, except D1N2, both 1D-
and 2D-LGA could present the correct simulation results of wealth distribution
in an ideal free market. The trade model-I is consistent with the trade model-II
for λ = 0. In addition, the average money exactly remains constant m0 during
all simulations, which demonstrates the money conservation in the LGA.
It should be mentioned that the simulated smooth stationary distributions
in Fig. 2 are determined by an average over a sequence of dynamic probabilities
at set intervals. Table 1 shows the temporal steps, intervals, relaxation time
and computing time taken by those models in Fig. 2 (b). From table 1 the
following points can be obtained.
(i) The number of probability distributions is nd = ts/tb in terms of the
temporal step ts and interval tb. Clearly, there are nd = 500 sets of probability
distributions in each simulation. Note that the distributions under consideration
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Models Temporal steps Intervals Relaxation time Computing time
D1N4-I 5× 105 1000 20× 1000 208 s
D1N4-II 500 1 12 9 s
D1N6-I 5× 105 1000 13× 1000 332 s
D1N6-II 500 1 6 9 s
Reduced-I 5000 10 10× 10 218 s
Reduced-II 500 1 1 36 s
D2N4-I 5× 105 1000 30× 1000 438 s
D2N4-II 500 1 8 10 s
Table 1: Computational time (steps) taken by various models
are in near equilibrium states after an early relaxation process, during which
the economic system starts to approach the (near) equilibrium state from an
initial configuration [12, 22].
(ii) Numerical tests show that the LGA has a very high computational effi-
ciency. For example, to conduct the above simulations, it only takes 208, 332,
and 218 seconds (s) for models D1N4-I, D1N6-I, and Reduced-I, respectively.
(The computing time has a narrow variation for different runs of the same pro-
gram due to its random nature.) Here the computational facility is a personal
computer with Intel(R) Core(TM) i7-8750H CPU @ 2.20 GHz and RAM 16.0
GB.
(iii) Model-I takes more relaxation time and computing time than model-II.
For example, the relaxation time is 2 × 104 and 12 temporal steps for D1N4-I
and D1N4-II, respectively. The running time needs 208 and 9 s for D1N4-I and
D1N4-II, respectively. The reason is that the trade volume in the first trade
model (without saving propensity) is smaller than the mean exchange volume
in the second trade model (with saving propensity). Consequently, the latter
model is more efficient than the former one.
(iv) The 1D-models have less relaxation time and computing time than the
2D-models. For instance, the relaxation time is 2 × 104 and 3 × 104 temporal
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steps for D1N4-I and D2N4-I, respectively. The running time needs 208 and
438 s for D1N4-I and D2N4-I, respectively. In other words, the 1D-model has a
higher calculation efficiency than the 2D-model. Additionally, it is obvious that
the former is simpler than the latter in the program as well.
(v) It takes longer computing time per temporal step and shorter relaxation
time for a model with more neighbors. The computing time per temporal step
is tp = tc/ts with the computing time tc and temporal step ts. For example,
the results are tp = 4.2× 10
−4 s and tp = 6.6× 10
−4 s for D1N4-I and D1N6-I,
respectively. The relaxation time is tr = 2 × 10
4 and 1.3 × 104 temporal steps
for D1N4-I and D2N6-I, respectively.
(vi) It requires less temporal steps and intervals for a model with more
neighbors. The computing time is almost the same for two models with different
neighbors to achieve the (near) equilibrium state. For example, the computing
time within the relaxation process is tr × tp = 8.4 s and 8.6 s for D1N4-I and
D1N6-I, respectively. This is because there are more economic transactions and
longer running time for a model with more neighbors during one main loop of
the program. And the artificial economic system requires approximately the
same transaction times to reach an equilibrium state.
3.2. Transaction with saving propensity
Now, let us consider the wealth distribution under the condition of individual
saving propensity. Figure 3 displays the probability distribution versus wealth
with various saving fractions from λ = 0.0 to 0.8. The symbols indicate the
simulation results of the LGA, whose parameters are the same as those of D1N4-
II in Fig. 2 (b). The solid lines denote the corresponding results of the CC-
model [12]. The two sets of numerical results coincide exactly with each other.
It is numerically verified that the saving propensity of agents is incorporated
appropriately within the LGA.
In addition, the saving propensity destroys the multiplicative property of the
distributions in Eqs. (3) and (4). As shown in Fig. 3 (a), the wealth distribution
changes from the Boltzmann-Gibb form to the asymmetric Gaussian-like form
10
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Figure 3: Wealth distributions of individual agents (a) and dual-earner families (b) with
various saving propensity factors. The symbols denote the LGA results with λ = 0.0 (squares),
0.2 (circles), 0.4 (pentagons), 0.6 (triangles), and 0.8 (star), respectively. The lines represent
the corresponding CC-model results [12].
with a finite λ introduced. The agents with zero wealth gradually decrease and
even disappear with the increasing λ. A peak of P1 emerges as λ is large enough.
Figure 3 (b) shows that there is a peak of P2 for any λ. For either P1 or P2,
the peak becomes thinner and higher, and moves rightward for a larger saving
fraction.
Furthermore, it takes about 21 and 88 s for the LGA and CC-model to
conduct the above simulations, respectively. Namely, the computational cost
of the CC-model is about four times that of the LGA. Hence, the LGA has a
higher computational efficiency than the CC-model [12], although both are quite
simple and efficient. It is reasonable, because the random trade is between two
neighboring agents subsequently from i = 1 to Na in the LGA, while the pair
undertaking the transaction are chosen in an arbitrary and random way from
all Na agents in the CC-model [12]. Therefore, the LGA requires less (mean)
times for that all agents have traded.
To measure the wealth inequality under saving propensity, we introduce the
Gini coefficient expressed by
G =
1
2N2aw0
∑Nw
i=1
∑Nw
j=1
|wi − wj |, (5)
which theoretically ranges from 0 (complete equality) to 1 (complete inequality).
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Figure 4: The Gini coefficients (on the left axis) and deviation degrees (on the right axis)
versus various saving fractions.
Specifically, the Gini coefficient G1 depends on the parameters w0 = m0, Nw =
Na, wi = mi for individual agents; And G2 is a function of w0 = 2m0, Nw =
Na/2, wi = mi +mi+Na/2 for two-earner families.
Besides, to describe the departure of probability distribution with saving
propensity from that without saving propensity, we define the deviation degree
as
∆ =
1
2
∫
∞
0
|f − feq|dm, (6)
which is between 0 (complete overlap) and 1 (no overlap), see Appendix B for
more details. In particular, the symbols f and feq denote the wealth distribu-
tions for an arbitrary value of λ and λ = 0, respectively. Namely, f = P1(λ)
and feq = P1(λ = 0) for individual agents; f = P2(λ) and f
eq = P2(λ = 0) for
two-earner families.
Figure 4 plots the Gini coefficients (on the left axis) and deviation degrees
(on the right axis) versus various saving fractions. The lines with squares and
circles represent the Gini coefficients G1 for individual agents and G2 for two-
earner families, respectively; The triangles and diamonds indicate the deviation
degrees ∆1 and ∆2 for individual agents and two-earner families, respectively.
Compared to the theoretical solutions [7], G1 = 1/2, G2 = 3/8, and ∆1 =
∆2 = 0, the calculation results G1 = 0.499, G2 = 0.371, and ∆1 = 0.004,
∆2 = 0.009 are satisfactory for λ = 0. It is apparent that, with the increasing
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saving fraction λ, the Gini coefficients G1 and G2 reduce, while the deviation
degrees ∆1 and ∆2 increase. Moreover, it is interesting to find the relations
G1/G2 ≈ 4/3 and ∆1 ≈ ∆2 in spite of slight numerical differences (errors).
Consequently, the wealth inequality is alleviated by the saving propensity, and
the wealth distribution is affected by the human factor.
4. Conclusion
We proposed a quite simple, fast, robust and effective kinetic method, one-
dimensional LGA, for the wealth distribution in a closed economic market where
the amount of money and the number of agents are fixed. Analogously to sta-
tistical physics, the agents, wealth and human society are equivalent to the
ideal gas molecules, internal energy and particle system, respectively. The LGA
includes two key stages, i.e., random propagation and economic transaction.
During the propagation stage, an agent either remains motionless or travels to
one of its neighboring empty sites with a certain probability. In the subsequent
procedure, an economic transaction takes place randomly when two agents are
located in the neighboring sites. Two types of transaction models are intro-
duced. One is model-I for agents without saving propensity [21, 22], the other
is model-II with saving propensity [12]. The former is equivalent to the latter
if the saving fraction is zero.
Numerical tests indicate that to obtain right simulation results requires at
least four neighbors. The LGA reduces to the simplest coarse-grained model
with only random economic transaction if all agents are neighbors and no empty
sites exist. For a model with more neighbors, it takes longer computing time
per temporal step, shorter relaxation time, less temporal steps and intervals.
However, the total computing time is almost the same for two models with
different neighbors to achieve the (near) equilibrium state. Because there are
more economic transactions and longer running time for a model with more
neighbors during one main loop of the program. And the artificial economic
system requires approximately the same transaction times to obtain an equilib-
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rium state. Furthermore, model-I takes more relaxation time and computing
time than model-II, because the trade volume in the former is smaller than the
mean exchange volume in the latter. Consequently, the latter model is more
efficient than the former one. The 1D-LGA is more efficient and simpler than
the 2D-LGA [21, 22], and also takes less computing time than the CC-model
[12], although all these models have a quite high computational efficiency.
Next, the LGA is validated with two benchmarks, i.e., the wealth distribu-
tions of individual agents and two-earner families. The LGA is extremely robust
and independent of a specific initial condition. It presents the numerical results
of wealth distributions with various saving propensity factors exactly the same
as the CC-model [12]. To be specific, the wealth distribution changes from the
Boltzmann-Gibb form to the asymmetric Gaussian-like form with a finite λ in-
troduced. The agents with zero wealth gradually decrease and even disappear
with the increasing λ. A peak of individual wealth distribution emerges as λ
is large enough, while there is a peak of wealth distribution of two-earner fam-
ilies for any λ. For either of them, the peak becomes thinner and higher, and
moves rightward for a larger saving fraction. It is noteworthy that the LGA has
the potential to describe the main feature of the wealth distribution in human
society.
Finally, the Gini coefficient is used to measure the wealth inequality under
saving propensity. Meanwhile, the deviation degree is defined to describe the
departure of probability distribution with saving propensity from that without
saving propensity. With the increasing λ, the Gini coefficients G1 for individual
agents and G2 for two-earner families reduce, while the deviation degrees ∆1
for individual agents and ∆2 for two-earner families increase. It is interesting
to find the relations G1/G2 ≈ 4/3 and ∆1 ≈ ∆2 despite slight numerical errors.
Consequently, the wealth inequality is alleviated by the saving propensity, and
the wealth distribution is influenced by the human factor.
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Figure A.5: Wealth distributions of individual agents (on the left axis) and dual-earner families
(on the right axis) for λ = 0.4. The symbols denote the simulation results of the LGA for
a different m0, Na, Nc, and an uneven configuration. The lines represent the corresponding
CC-model results [12].
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Appendix A.
It is worth mentioning that the LGA is extremely robust and independent
of a specific initial configuration. For this purpose, Fig. A.5 delineates the
wealth distributions of individual agents and dual-earner families. The squares
and lines represent the LGA and CC-model results for λ = 0.4 in Fig. 3,
respectively. The circles, pentagons, and triangles stand for the LGA results
for m0 = 68844, Na = 900 and Nc = 2000, respectively. The stars are for an
uneven initial configuration, mi = m0 +A0 sin (2πi/Na), with i = 1, 2, · · ·, Na.
Here the perturbation amplitude A0 = m0/2 is utilized to generate an unequal
wealth distribution of agents. It is clear that all simulation results agree well
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Figure B.6: Sketch of the wealth distributions of individual agents (a) and dual-earner families
(b). The solid lines stand for λ = 0, and the dotted lines for λ 6= 0.
with each other. Consequently, the stationary distribution is not related to the
average wealth, the number of agents, the number of sites, or the initial wealth
distribution.
Appendix B.
Here we introduce a useful parameter to describe the departure of the wealth
distribution with saving propensity from the one without saving propensity.
To give an intuitive description, Fig. B.6 delineates the sketch of the wealth
distributions of individual agents (a) and dual-earner families (b). The solid
lines stand for the case without saving propensity, and the dotted lines for
the other case. The area below each line equals one because of the following
formulas,
Sf =
∫
∞
0
fdm = 1, (B.1)
Sfeq =
∫
∞
0
feqdm = 1. (B.2)
The overlap between the two regions Sf and Sfeq is SO, and the areas are SL
and SG for f < f
eq and f > feq, respectively. To be specific,
SL =
∫
∞
0
(feq − f)dm
∣∣∣∣
f<feq
, (B.3)
16
SG =
∫
∞
0
(f − feq)dm
∣∣∣∣
f>feq
. (B.4)
Then, the relation SL + SO = SG + SO = 1 leads to
SL = SG =
1
2
∫
∞
0
|f − feq|dm. (B.5)
The deviation degree is defined as the ratio of nonoverlapping area to total area,
i.e.,
∆ =
SL + SG
Sf + Sfeq
=
∫
∞
0
|f − feq|dm∫
∞
0
|f + feq|dm
=
1
2
∫
∞
0
|f − feq|dm, (B.6)
whose the range is 0 ≤ ∆ ≤ 1. To be specific, the case ∆ = 0 refers to f = feq,
namely, the wealth distributions f and feq coincide with each other; The case
∆ = 1 correspond to the circumstance that there is no overlap between the two
areas. With ∆ increasing from zero to one, the distribution f departs far and
far from feq.
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